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Introduction. transform of the vibration signal, while the power spectrum has been estimated through the Black-
man—Tukey method. However, because experimental vibration data are characterized by a combination of har-
monic and stochastic processes, both techniques have proven inadequate for analyzing mixed signals.

Problem Statement. The evaluation of rotor balance in gas turbine engines has been commonly based on the 
magnitude of the regular co The amplitude spectrum of a gas turbine engine has traditionally been determined 
using the Fourier mponent of vibrations at the rotor’s rotational frequency. Yet, the vibration signal con tains nu-
merous additional components, including stochastic ones, which should be accounted for to obtain re liable esti-
mates. Modeling the vibration signal as a periodically non-stationary random process (PNRP) has allowed sepa-
rating the deterministic and the stochastic components.
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Purpose. The study has aimed to conduct a comparative analysis of periodic non-stationarity in vibration signals of gas 
turbine engines with balanced and unbalanced rotors.

Materials and Methods. Vertical vibration components of balanced and unbalanced gas turbine engines in the low-fre-
quency range (<2 kHz) have been analyzed. The vibration signal has been modeled as a periodically non-stationary random 
process, and an LS-functional has been applied to identify the fundamental frequencies of both deterministic and stochastic 
components.

Results. Correlation and spectral functions of vibration signals have been estimated, and the fundamental frequencies of 
their regular and stochastic components have been determined. It has been shown that the vibration spectra of engines with both 
balanced and unbalanced rotors are mixed. The deterministic component has exhi bited a polyharmonic spectrum, and the har-
monic amplitudes have been quantifi ed. Furthermore, engine vibrations have been shown to exhibit second-order periodic non-
stationarity.

Conclusions. The proposed vibration indicators have provided a basis for improving engine balancing during adjustment and 
repair procedures. The study has also highlighted the potential of these indicators for early detection of rotor defects. Future re-
search will focus on analyzing the polyharmonic structure of vibration spectra and developing a refi ned methodology for defect 
diagnostics at incipient stages.

Keywords: gas turbine engine, vibration, periodic non-stationary random processes, frequency estimation, average, variance.

It has been well established in the literature [1—
14] that the vibrations of gas turbine engines 
with unbalanced rotors are characterized by 
peak va lues in their amplitude or power spectra 
at the frequency corresponding to the first har-
monic of rotor rotation. The amplitude spectrum 
is typically obtained using the Fourier trans-
form (FT) of the raw signal, while the power 
spectrum is com monly derived through the perio-
dogram or the Blackman—Tukey spectral esti-
mator. Numerous techniques have been develo-
ped to represent vib ration signals in different 
ways [15—22].

When FT is applied, vibration time series are 
treated as segments of deterministic oscillations, 
whereas in power spectrum estimation they are 
regarded as realizations of stationary random pro-
cesses. If experimental data are better represent-
ed as the sum of harmonic and random compo-
nents, both approaches become inadequate, often 
leading to inconsistent results. Specifically, the 
amplitudes and power values of the harmonics can 
be estimated with significant errors.

In such cases, the identification of harmonics and 
the estimation of their amplitudes should be ba-
sed on a vibration signal model formulated as a pe-
riodically non-stationary random process (PNRP). 
This modeling framework has been adopted in 
the present study.

AMPLITUDE AND POWER SPECTRUM 
OF THE RAW SIGNAL

Suppose that the analyzed signal   t  is the sum 
of stationary random process   t  and almost pe-
riodical function

  



  ,
M

i tk
k

k M

s t c e

where M  is number of harmonics, k  and kc  are 
their frequencies and amplitudes. The signal samp-
le values   nh  are acquired for    , ,n K K  2K=


 ,
h

   is the realization length, h is sampling in-

terval. Then for the signal discrete time FT [23, 24] 
we have:
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The mathematical expectation of (1) is equal to:
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where     m E nh  is a mean of   .nh  Assuming

that 

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h  and using the formula for the sum of 

geometric progression we obtain
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where
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Since   0,K  = 2K + 1 then for the large K we get:

 


 


ˆ .kEc c                           (2)

It means that we cannot determine the ampli-
tudes of harmonics for signal         t t s t  
using FT, because the values (2) are different ac-
cording to realization length  and   ˆ ,kEc  
as . Herewith the spectral properties of the 
random process in general do not characterize. 
These properties can be described using the high-
er moment functions of the random process.

The first well-known results in this field were 
obtained by the N. Wiener and A. Khin chin [23, 
25]. They introduced concept of the power spect-
ral density as the FT of the covariance function 
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To estimate the power spectral density on the 
basis of experimental data the correlogram me-

thod of Blackman-Tukey can be used:
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here  R̂ u  is the estimator of covariance function:
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where  k u  is the covariance window, mu  is cut-of 
point of the correlogram.

The discrete estimator of (3) has the form:
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where  .mu
L

h
 For the asymptotic value of the ma-

thematical expectation of (5) we find:
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The time-averaged covariance function of the 
signal (its covariance function in the stationary 
approximation) is equal to:
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Assume for simplicity that the covariance win-
dow is rectangular:
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Since    0, 2 1,L L  then the peak values   ˆEf  
are proportional to um. Therefore searching for 
these peaks we can only find the frequencie.

ANALYSIS OF THE SPECTRAL COMPOSITION 
OF GAS-TURBINE ENGINE VIBRATION

We shall analyze the vertical component of low-fre-
quency vibration (<2 kHz), which were acqui red 
from gas-turbine engine without failure and engi-
ne with unbalanced rotor. The covariance func tion 
estimators for these different cases, which were 
calculated using formulae (4) are shown in Fig. 1. 
In Fig. 2 the respective estimators of the power 
spectral densities are presented, herewith Ham-
ming window was used.

As we can see, both covariance functions contain 
the random components with rapidly and slowly 
damping correlations as well as undamped oscilla-
tions. The total signal power in the second case 
(13.63 g2) is essentially larger than in the first 
(3.83 g2). The availability of the undamped oscilla-
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tions, as it follows from equation (6), can testify 
about the presence in the signal composition of 
the deterministic harmonic components, here-
with the total power of these components is much 
higher in the case of engine with the unbalanced 
rotor. This results in the mixed power spectra of 
the signals. It means that the peak values in Fig. 2 
can be caused both by the powers of deterministic 
harmonics and the values of narrow-band spect-
ral densities of the random components. To di-
vide the deterministic and random components 
we use the method for discovering of the first or-
der hidden periodicities [25].

HARMONIC ANALYSIS 
OF THE DETERMINISTIC OSCILLATIONS

The estimation of the basic frequencies of the de-
terministic components is the first issue of the 
vibration harmonic analysis. To find the basic fre-
quencies, the special functionals can be used 
[25—27], that are similar to the PNRP coherent 
or component statistics for mean function esti-
mators with the except that test basic frequency 
is inserted to replace the true period. These func-
tionals have extreme values at the points, which 
are asymptotically unbiased and consistent basic 
frequency estimators. To improve the efficiency 
of estimating of basic frequencies, the least square 
(LS) method was proposed in [28]. As the signal 
realization length increases, the LS functional for 
determining of the basic frequencies of the mean 
function quickly tends to
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and 2  is the realization length, h = /K is the 
sampling step and iL  is number of harmonics for 
each component, f is a test frequency. The maxi-
mum points  

0̂
if  of (7) is asymptotically unbia sed 

and consistent estimator for the mean basic frequ en-

cy. The functional (7) at the maximum point 
  0̂
if f  is close to the sum of time-averaged po wer 

of the chosen harmonics:
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The quantities   0ˆ ˆc
k

im f  and   0̂ˆ is
km f  are asymp-

totically unbiased and consistent estimators of the 
Fourier coefficients for the mean function of each 
component. Hence, we can form the mean func-
tion estimator for each component:
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k

if f tm k
                   

(8)

The functions (8) describe the deterministic 
components of vibrations.

We calculated the functional (7) changing the 
test frequency f in the neighborhood of the po ints 
at which the spectral density estimator reaches its 
maximum values (Fig. 2). The deterministic har-
monics, whose frequencies are close to the ma xi-
mum points of the spectral density, were displa yed 
over all low-frequency interval. The graphs of the 
dependencies for  1̂F f  on test frequency in diffe-
rent intervals for healthy (balanced) and faulty 
(unbalanced) engines are shown in Fig. 3. The first 
dependence was calculated for 1 9,L  the se cond — 
for 1 3.L  The peak values of  1̂F f  in both cases are 
clearly visible, and the maximum points  

0̂
if  are 

Table 1. Maximum Points and Amplitudes 
of the First Harmonics

Balanced engine Unbalanced engine

 
0̂ ,Hzif   0 ,ˆ giA f  

0̂ ,Hzif   0 ,ˆ giA f

    49.98 0.56   49.98 1.14

  533.37 0.67 533.62 3.59

  720.94 0.46 714.99 0.92

  721.80 0.59 715.76 0.98

1129.72 0.48 716.45 1.61
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easi ly determined. The obtained above also re-
late to another peaks of  1̂ ,F f  which are revea-
led for  3 4 3,L L  5 1.L  Knowing  

0̂
if  we calcu-

late the amplitudes of the respective harmonics
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  1 0̂
iF f  for the balanced and unbalanced engines 

are given in Table 1. As we can see, the amplitude 
spectrum of deterministic oscillations contains 
except the harmonics with the frequency of the 
supply current 49.98 Hz and the rotor rotation 
frequency 539.62 Hz, also the harmonics with hi-
gher frequencies. The amplitudes of all harmo nics 
for the balanced engine are small and their values 
differ insignificantly. The values of all amplitudes 
increases as the fault occurs, however the amplitu-
de of harmonic with rotation frequency increa ses 
most of all. The ratio of the amplitudes for the dif-

ferent engine state is equal to: 
    
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The harmonic power in the second case beco-
mes mo  re then twenty-eight times as much as in 
the first case. Then we can choose the ratio I1 =  

    
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k
 as one of the indicators for the 

description of the rotor state.
Using the interpolation formula (8) we obtain 

the time dependence of each component  ˆ im t  of 
the deterministic oscillations. Their sum   m̂ t  

 



5

1

ˆ k
k

m t  is presented in Fig. 4 for the balanced

and unbalanced engines. We can see, that oscilla-
tion power for the engine with unbalanced rotor 
is much more, herewith the oscillations with ro-
tating frequency are distinguishable.

Fig. 4. Deterministic components of vibration for balanced (a) and unbalanced (b) engines
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Fig. 6. Power spectral density for balanced (a) and unbalanced (b) engines 
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ANALYSIS OF STOCHASTIC 
OSCILLATIONS

Removing the deterministic oscillations m̂(t) from 
the realization of the raw vibration signal (nh) we 
obtain the stochastic part of vibration (nh) = 
= (nh) – m̂(nh). The estimators of the power 
spect ral density for the stochastic oscillations, 
which are calculated for the healthy and faulty 
engines, were shown in Fig. 5. It can be seen, that 
the power spectral density estimators contain both 
wide-band and narrow-band components. This is 
also observed on the graphs for the covariance 
function estimators. They quickly damp for the 
initial lags and have the form of the damped oscil-
lations for further lags (Fig. 6). The total power 
of the stochastic oscillations for the healthy engi-
ne is 2.95 g2, for the faulty one is 3.75 g2. While the 
power of deterministic oscillations is respecting 
equal to 0.88 g2 and 9.89 g2.

To reveal the periodicity of time changes of the 
vibration variance we use the functional [28]:

     


          
2 2 2

2
1

1ˆ ˆ ˆ0, 0, ,
2

L
c s
k k

k

R f RfF f
   

(9)
where

 

 
 

 


             


ˆ 0, cos22 ,
ˆ sin22 10,

c K
k

s
n Kk

R f k fnh
nh

k fnhKR f
 (10)

and 2L  is the number of its harmonics. The maxi-
mum points of expression (9) is an asymptotically 
unbiased and consistent estimator for the varia-
tion basic frequency. By substituting  0̂f f  in-
to (10) we obtain statistics  ˆ 0,c

kR f  and  ˆ 0,s
kR f  

for calculating Fourier coefficients of the varian-
ce. Hence, the quantities

     


             0 0

2 2

0

2

2
1

1ˆ
2

ˆ ˆ0, 0, ˆ
L

c s
k k

k

Rf fF R f

defines the time-averaged power of time changes 
of variance.

Using the interpolation formula

    0 0
ˆ ˆˆ0, , 0t fR R

   

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(11)

where
   



 
 


2

0
1ˆ 0 ,

2 1

K

n K

R nh
K

we can determine the variance estimator for all 
  

1
00, .ˆt f

To search for the time periodicity of the varian-
ce we take 2 3L  in the formula (9) and change 
the test frequency in interval [531 Hz, 536 Hz]. 
The results of calculation are presented for the 
healthy and faulty engines by graphs in Fig. 7, a, b. 

The maximum values of the functional  2̂F f  are 
observed both for healthy and faulty engines. Ho-
wever the peak for the latter is much sharper and 
its height, which is defined by the total power of the 
variance harmonics, is more than seven ti mes as 
much as one for the healthy engine. The ma xi mum 
values are respectively equal to   0 533.605 Hzˆ hf  
and   0 533.309 Hz,ˆ ff  i.e. they differ only by di gits 
after decimal points. Taking the obtained va lues  

0̂
hf  

and  
0̂

ff  as the basic frequencies and substitu ting 
them into the expressions (11) we can calculate the 
Fourier coefficients of the variances and amplitudes 

                     

2 2
, , ,

0 0

2

0

1

ˆ ˆ ˆˆ .0, 0,h f h f h fc s
k kV kf R f R f  

The amplitudes are given in Table 2. The amp-
litude spectra for the variance time changes are 
shown in Fig. 8, a, b.

Summing the harmonic amplitudes, we can find 
the measure of non-stationarity of the second order 

  
   


,

3 0

,
1

ˆˆ
.

ˆ 0

h f

h f
k

V kf
I

V
 This measure is respectively equal 

to 0.14 and 0.34 healthy and faulty engines. The 
amplitudes of the basic harmonics are the largest in 
the both cases. The oscillations with the basic fre-
quencies are also most of all visible on the graphs 

Table 2. Amplitudes of Variance Harmonic for Different States

Status   2ˆ 0 , gV   2
0

ˆ , gV f  0
2ˆ g2 ,V f  0

2ˆ g3 ,V f

Healthy 2.925 0.280 0.041 0.081

Faulty 3.755 0.661 0.456 0.143
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for variance time dependencies, which were ob-
tained using interpolation formula (10). The oscil-
lation swing is less than one for the healthy engine, 
while the near two for the engine with unbalan ced 
rotor. Herewith the time-averaged variance value 
increases by              20 0 0 0.83 g .ˆ ˆ ˆf hV V V  It 
is desirable to add this quantity to the expression 
for the second indicator for the engine state desc -

ription. Then we have 
     

 


 
  
  


3

1
2

0 0ˆ

0

ˆ f
k

k

V V
I

V  = 0.56.  The indicator 2I  and also the indicator 1I  
can be used for the engine state monitoring.

CONCLUSIONS

It has been shown that the vibration spectra of 
gas turbine engines with both balanced and un-
balan ced rotors are mixed, containing determi-

nistic and stochastic components. Using the 
PNRP appro ach, these components have been 
separated, allowing the identification and analy-
sis of hidden first- and second-order periodici-
ties. The amplitude spect ra of the deterministic 
oscillations have been revealed to be polyhar-
monic, and the corresponding harmonic ampli-
tudes have been determined. Engines with un-
balanced rotors have demonstrated the greatest 
increase in power at the harmonic corresponding 
to the rotation frequency. Furthermore, the vi-
brations have exhibited properties of second-or-
der periodic non-stationarity, with the degree of 
non-stationarity increasing in the unbalanced ca-
se. Finally, new diagnostic indicators have been 
proposed that account for variations in the po-
wers of deterministic and stochastic components, 
as well as in the time-dependent chan ges of vib-
ration variance.
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ПЕРІОДИЧНО-НЕСТАЦІОНАРНІ ВЛАСТИВОСТІ ВІБРАЦІЙ 
ГАЗОТУРБІННОГО ДВИГУНА З НЕБАЛАНСОВАНИМ РОТОРОМ

Вступ. Амплітудний спектр вібрацій газотурбінного двигуна визначається за допомогою перетворення Фур’є сигна-
лу, а спектр потужності — спектрального перетворення Блекмана-Тьюкі. Оскільки експериментальні дані описують-
ся сумою гармонічного і випадкового процесів, то обидві процедури є неадекватними при аналізі мішаних сигналів.
Проблематика. Аналіз стану балансування роторів газотурбінних двигунів проводять на основі величини регу-

лярної складової вібрацій на частоті обертання ротора. У складі вібраційного сигналу присутні низка різних, зокрема 
й стохастичних, компонент, які слід врахувати при обробці сигналу для отримання його реальних оцінок. Викорис-
тання моделі вібраційного сигналу як періодично нестаціонарного випадкового процесу (ПНВП) дозволяє коректно 
розділити регулярну/детерміновану та стохастичну складові.
Мета. Порівняльний аналіз періодичної нестаціонарності вібраційних сигналів газотурбінних двигунів з небалан-

сованим і добалансованим роторами.
Матеріали й методи. Аналіз вертикальних складових вібраційних сигналів небалансованого та добалансованого 

газотурбінних двигунів проведено у низькочастотній області (<2 кГц). Застосовано модель вібраційного сигналу га-
зотурбінного двигуна як періодично нестаціонарного випадкового процесу та МНК-функціонал для визначення ба-
зових частот детермінованих та стохастичних складових сигналу.
Результати. Оцінено кореляційні та спектральні функції вібраційних сигналів, базові частоти їхніх регулярних та 

стохастичних складових. Показано, що спектри вібрацій газотурбінного двигуна з балансованим і небалансованим рото-
ром є змішаними. Виявлено полігармонійність спектрів детермінованих коливань та визначено амплітуди гармонік.
Висновки. Запропоновані індикатори вібраційного стану двигунів можуть бути використані для їх балансування 

у процесі налагодження та ремонту. Подальші дослідження будуть зосередженні на аналізі структури полігармоній-
ності спектрів вібросигналів і розробці методології виявлення дефектів на ранніх стадіях розвитку. 

Ключові слова: газотурбінний двигун, вібрація, періодичні нестаціонарні випадкові процеси, частотна оцінка, середнє, 
дисперсія.


